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The London theory on flux-lines in type-II superconductors, that is, the modified (anisotropic) London equation [1] [2] [3] [4] , which describes the distribution of the magnetic field for isolated flux-lines, plays an important role in studying the properties of flux-lines in type-II superconductors. It has been used to discuss the stability of the twisted pair and twisted triplet of flux-lines [5] , the properties of isolated vortices in flux-line lattice [6, 7] , and the energy of vacancies and interstitials in flux-line lattice [8] , etc. (For a recent review of the applications of London theory in type-II superconductors, see ref. [9] ).
In a recent work [10] , we study the London theory in isotropic superconductors carefully and give the topological structure of the London equation. In this paper, an anisotropic London equation in terms of condensate wave function will be obtained by making use of the methods in ref. [10] . From the anisotropic London equation in terms of condensate wave function, the normal anisotropic London equation, the modified anisotropic London equation, and the equation which describes the intersection, splitting and mergence of flux-lines are given. Vortex intersecting, splitting and merging are shown to emerge in a natural way as a special solution of the anisotropic London equation in terms of condensate wave function. For the isotropic London equation is a case of the anisotropic London equation, all the results in this paper can also be applied to isotropic superconductors [10] .
Let us now consider an anisotropic superconductor in a magnetic field which is weak compared with the critical field at which the superconductivity is lost. The relation between the superconductivity current j s and the condensate wave function ψ is [4] 
where M = (M jk ) is the tensor of inverse mass and the doubling of the charge corresponds to the paring of electrons in the anisotropic superconductor. Let the body be in a state of thermodynamic equilibrium, so that there is no normal current and j = j s , i.e.
Using the same methods in ref. [10] and the general Maxwell's equations:
where ∇ × V is called the vorticity or line density of flux-lines, the value of φ 0 , the quantum of flux, is ch/2e = 2 × 10 −7 G cm 2 , the tensor Λ has the components Λ jk = Λ 1 δ jk + Λ 2 c j c k , where c j are the Cartesian components of the unit vectorĉ along the crystalline c-axis,
ab . Because the divergence of the line density of flux-lines is zero,
flux-lines occur on a set of one-dimensional curves that may be either closed loops or infinite curves.
Following the φ-mapping topological current theory [10] , we obtain the intrinsic relation between the condensate wave function and the vorticity:
where the vector Jacobians 2 and e k (k = 1, 2, 3) are the base vectors in Cartesian coordinate system. From (5), we see that the vorticity ∇ × V is infinitely great at the zero points of the condensate wave function, i.e.,
When the vector Jacobian D (φ/x) = 0, the solutions of (7) are generally expressed as
of the condensate wave function. Direct substitution of (5) into (3) leads to
So far, we obtain the anisotropic London equation in terms of the condensate wave function (9) in which the locations and the directions of flux-lines are determined by the zero lines of the condensate wave function and the vector Jacobian D (φ/x), respectively. Here it can be seen that the relation between the condensate wave function ψ and the induction B is revealed clearly in (9) . When the wave function ψ has no zero values, δ φ 1 δ φ 2 is zero and eq. (9) becomes
which is the normal anisotropic London equation that describes the Meissner state of superconductors. When the wave function ψ has some isolated zero lines (8), one can get the topological structure of the anisotropic London equation ( D (φ/x) = 0) [10] :
where the line integral is taken along the flux-lines. The positive integer β k is the Hopf index and η k = ±1 is the Brouwer degree of φ-mapping [10] . It is obvious that eq. (11) represents N isolated flux-lines of which the k-th flux-line carries flux β k η k φ 0 . One can see that the modified anisotropic London equation [9] is a special case ( D (φ/x) = 0) of the topological structure of the anisotropic London equation (11). Let Σ be an arbitrary surface and suppose that there are P flux-lines passing through it. According to (5), one can prove that
which confirms that ∇ × V represents the line density of flux-line. Thus, the line density of flux-lines ∇ × V can be expressed in term of the condensate wave function (5). The densities of defects (such as point defects, line defects and vortices, etc.) in terms of order parameters (the order parameter in superconductors is the condensate wave function) are useful and have been discussed intensively [11] [12] [13] [14] . Here, one can see that the line density of flux-lines in terms of the condensate wave function is obtained directly from the definition of the vorticity, which can be also applied to the works of line defects done by Halperin and Mazenko [11, 12] . The solution (8) of eqs. (7) is based on the condition that the Jacobian D (φ/x) = 0. When the condition fails, the above results (8) will change in some way. In ref. According to the φ-mapping topological current theory, the Taylor expansion of the solution of eqs. (7) in the neighborhood of the bifurcation point r * k can be generally expressed as [15] A which leads to
where A, B and C are three constants determined by the condensate wave function at the bifurcation point. The direction of flux-lines at the bifurcation point is
where the second component dy/dz of the direction vector m can be given by [15] : dy/dz = f (14) give the direction m of the zero lines of the condensate wave function. The number of flux-lines passing through the bifurcation point is determined by the higher terms of the Taylor expansion (13) .
In the case eq. (14) gives two different directions of zero lines at the bifurcation point, δ φ 1 δ φ 2 D (φ/x) is indefinite and then the anisotropic London equation as well as the induction B is indefinite at the bifurcation point. In this case, flux-lines with two different directions will pass through the bifurcation points, i.e., two flux-lines intersect with two different directions at r * k (see fig. 1 ). This configuration has been investigated from many aspects: Saftar et al. [16] report on transport measurements in the mixed state of YBCO and their data show that at high temperatures flux-line crossing can happen easily; Carraro and Fisher [17] presented a calculation of the energy barrier for crossing of two flux-lines; Starting from the Ginzburg-Landau free energy of a type-II superconductor in a magnetic field, Moore and Wilkin [18] estimate the energy associated with two vortices (zero lines of the condensate wave function) crossing and analyze some of the transport measurement data of Saftar et al. [16] . Here one can see the interesting result that when flux-lines cross, the vector Jacobian of the condensate wave function D (φ/x) will vanish. In the case eq. (14) gives only one direction of zero lines at the bifurcation point, δ φ 1 δ φ 2 D (φ/x) is definite and then the anisotropic London equation as well as the induction B is definite at the bifurcation point. In this case, flux-lines with one direction will pass through the bifurcation points ( fig. 2 ). This case also includes two other important situations: First, one flux-line splits into two flux-lines at the bifurcation point (see fig. 3 ). Second, two flux-lines merge into one flux-line at the bifurcation point (see fig. 4 ). Blatter et al. [19] have shown a figure (similar to figs. 3 and 4) on vortex splitting and merging. One can see another interesting result: when flux-lines split or merge, the vector Jacobian D (φ/x) will vanish. The above solutions reveal the space bifurcation structure of the anisotropic London equation and flux-lines. Besides the intersection of flux-lines, i.e. two flux-lines intersect at the bifurcation point (see figs. 1 and 2), splitting and mergence of flux-lines are also included. When a multicharged flux-line passes through the bifurcation point, it may split into two flux-lines (see fig. 3 ), moreover, two flux-lines can merge into one flux-line at the bifurcation point (see fig. 4 ). For the divergence of the line density of flux-lines is zero (4), the sum of the topological charges of final flux-line(s) must be equal to that of the initial flux-line(s) at the bifurcation point, i.e., f β f η f = i β i η i . Now the topological structure of the anisotropic London equation should be written as
which is another case ( D (φ/x) = 0) of the anisotropic London equation (9) . According to refs. [17, 18, [20] [21] [22] [23] [24] [25] , we know that when the energy of vortices exceeds the barrier for cutting (such as a sufficient large current parallel to the vortices), cutting of flux lines will happen. From our results, one can see that when the energy of vortices exceeds the barrier for cutting and one has vortex cutting, the vector Jacobian D (φ/x) will vanish at the point where vortices cut.
In the above discussions, we consider only the case that two flux-lines pass through the bifurcation point. The configurations in which more flux-lines pass through the bifurcation point are high-energy states and not stable states, and will fall apart as quick as they form. However, we must point out that when several (more than two) vortices cross, split or merge at a certain time t * , the branch conditions are still valid, that is, D (φ/x) | (t * , r * ) = 0, although these configurations are unstable.
Obtained only from the topological properties of the condensate wave function, the branch conditions that flux-lines will cross, split or merge when the vector Jacobian D (φ/x) = 0 at zero points of the condensate wave function, are valid not only in London theory, but also in Ginzburg-Landau theory. These branch conditions could be useful to people making numerical experiments, because they give simple rules which allow to determine in the space of vortex crossing, splitting and merging. Some examples about how to use the branch conditions are given in ref. [26] . ; on the contrary, two flux-lines (the total topological charge is W ) can merge into a flux-line with topological charge W . Also, at one of the bifurcation points of the condensate wave function, two flux-lines cross. One can apply these branch conditions to numeral branch processes (crossing, splitting and mergence) of flux-lines in superconductors. They will help those experts in superconductors find a branch point and the concrete branch process in the neighborhood of it, and give a deep insight into flux-lines. At last, it must be pointed out that there are many systems similar to the flux-lines in anisotropic superconductors, such as the flux-lines in isotropic superconductors, vortices in superfluid 3 He and 4 He [27] , vortices in magnetic systems [28, 29] , line defects of a twocomponent vector order parameter [11, 12] , and wave dislocations in light beams [30] etc. All of these systems correspond to the zero lines of some two-component field; therefore, most results obtained in this paper can be applied to these systems. * * * One of the authors, HZ, would like to thank L. H. Tang for his helpful discussions. This work was supported in part by the grants from the Hong Kong Research Grants Council (RGC), the Hong Kong Baptist University Faculty Research Grant (FRG) and the National Natural Science Foundation of People's Republic of China.
